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Àííîòàöèÿ. Â ñòàòüå ïîëó÷åíà íåðàâíîìåðíàÿ îöåíêà ïîðÿäêà O
(
N−1/6

)
ñêîðîñòè

ñõîäèìîñòè â öåíòðàëüíîé ïðåäåëüíîé òåîðåìå (ö.ï.ò.) äëÿ ëèíåéíûõ ïðîöåññîâ
â ñåïàðàáåëüíîì âåùåñòâåííîì áàíàõîâîì ïðîñòðàíñòâå B ñ ãëàäêîé íîðìîé íà
ìíîæåñòâàõ, óäîâëåòâîðÿþùèõ íåêîòîðûì óñëîâèÿì îáåñïå÷èâàþùèì ãëàäêîñòü
ãðàíèöû.
Êëþ÷åâûå ñëîâà: öåíòðàëüíàÿ ïðåäåëüíàÿ òåîðåìà, áàíàõîâî ïðîñòðàíñòâî,
ëèíåéíûé ïðîöåññ, êîâàðèàöèîííûé îïåðàòîð, ãàóññîâñêîå ðàñïðåäåëåíèå,
íåðàâíîìåðíîå îöåíêà.

1. Ââåäåíèå

Â ðàáîòå [12] äîêàçàíà ö.ï.ò. äëÿ ëèíåéíûõ ïðîöåññîâ â áàíàõîâîì
ïðîñòðàíñòâå, èìåþùèé òèï 2 (îïðåäåëåíèå ñì.[16] ñòð. 137). Â ñëó÷àå
êîíå÷íîìåðíîãî åâêëèäîâà ïðîñòðàíñòâà îöåíêà ïîðÿäêà O

(
N−1/2

)
â ö.ï.ò.

äëÿ ëèíåéíûõ ïðîöåññîâ ïîëó÷åíà â [2]. Àñèìïòîòè÷åñêàÿ íîðìàëüíîñòü
íîðìèðîâàííîé ñóììû ëèíåéíîãî ïðîöåññà, ïîðîæäåííîãî íåçàâèñèìûìè
è ñëàáî çàâèñèìûìè ïîñëåäîâàòåëüíîñòÿìè ñëó÷àéíûõ âåëè÷èí è îöåíêè
ñêîðîñòè ñõîäèìîñòè â öåíòðàëüíîé ïðåäåëüíîé òåîðåìå, ïîëó÷åíû â
ðàáîòàõ [13] è [14]. Â ðàáîòå [15] ïîëó÷åíà îöåíêà â öåíòðàëüíîé
ïðåäåëüíîé òåîðåìå äëÿ ëèíåéíûõ ïðîöåññîâ ñî çíà÷åíèÿìè â ãèëüáåðòîâîì
ïðîñòðàíñòâå.

Ïóñòü {ξk, k ∈ Z} � íåçàâèñèìûå îäèíàêîâî ðàñïðåäåëåííûå
ñëó÷àéíûå âåëè÷èíû ñî çíà÷åíèÿìè â äåéñòâèòåëüíîì áàíàõîâîì
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ïðîñòðàíñòâå (B, ‖·‖) (ñîêðàùåííî B-ç.ñ.â.), ñ êîâàðèàöèîííûìè
îïåðàòîðàìè Ti = T , {dk, k ∈ Z}− ïîñëåäîâàòåëüíîñòü îïåðàòîðîâ èç
L(B), äëÿ dk ∈ L(B) íîðìà ‖dk‖− îïåðàòîðíàÿ íîðìà.

Ïîñëåäîâàòåëüíîñòü B-ç.ñ.â. {Xk, k ∈ Z}, ãäå

Xk =
∞∑

i=−∞
diξk−i (1)

íàçûâàåòñÿ ëèíåéíûì ïðîöåññîì. Äëÿ N ≥ 1 ïîëîæèì SN =
N∑

i=1
Xi.

Óñëîâèå

d =
∞∑

k=−∞

‖dk‖ < ∞ (2)

îáåñïå÷èâàåò ñõîäèìîñòü ñ âåðîÿòíîñòüþ 1 ðÿäà (1).
Âñþäó â äàëüíåéùåì ÷åðåç C(·, ·), Ci(·, ·) îáîçíà÷èì ïîëîæèòåëüíûå

ïîñòîÿííûå, çàâèñÿùèå òîëüêî îò âåëè÷èí, óêàçàííûõ â ñêîáêàõ.
Ïðåäïîëîæèì, ÷òî B ïðèíàäëåæèò êëàññó D3. Êëàññ Dk, k = 1, 2, 3, ...

îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì: B ∈ Dk, åñëè îòîáðàæåíèå φ : B\{0} →
R1, φ(x) = ‖x‖, k ðàç äèôôåðåíöèðóåìî (äèôôåðåíöèðîâàíèå ïîíèìàåòñÿ
â ñìûñëå Ôðåøå: D(i)f(a) îáîçíà÷àåò i-þ ïðîèçâîäíóþ f â òî÷êå a, à
D(i)f(a)(x1, ..., xi)− ñîîòâåòñòâóþùóþ ïîëóëèíåéíóþ ôîðìó: ïîäðîáíåé îá
ýòîì ñì. [1]) è èìåþò ìåñòî îöåíêè∥∥∥D(i)φ(x)

∥∥∥ ≤ C0(i, B)‖x‖1−i, i = 1, 2, 3, ...; ‖x‖ 6= 0. (3)

Õîðîøî èçâåñòíî, ÷òî lp è Lp(0, 1) ∈ D3, åñëè 3 ≤ p < ∞. Òàêæå
èçâåñòíî, ÷òî êëàññ D3 ÿâëÿåòñÿ ïîäêëàññîì áàíàõîâûõ ïðîñòðàíñòâ òèïà 2.
Â ðàáîòå [3] ïîêàçàíî, ÷òî åñëè B ∈ D3, òî è lp(B) ∈ D3, ïðè 3 ≤ p < ∞, ãäå

lp(B) =

{
x : x = (x1, x2, ...), xi ∈ B;

∞∑
i=1
‖xi‖p < ∞, p ≥ 1

}
−ñåïàðàáåëüíîå

áàíàõîâî ïðîñòðàíñòâî ñ íîðìîé

‖x‖lp(B) =

( ∞∑
i=1

‖xi‖p

)1/p

.

×åðåç µ0,T îáîçíà÷èì ãàóññîâñêîå ðàñïðåäåëåíèå íà B ñ íóëåâûì
ñðåäíèì è êîâàðèàöèîííûì îïåðàòîðîì T . Ñóùåñòâîâàíèå òàêîãî
ãàóññîâñêîãî ðàñïðåäåëåíèÿ îáåñïå÷èâàåòñÿ òåì ôàêòîì, ÷òî B �
ïðîñòðàíñòâî òèïà 2 (ñì. [4]).

Â äàííîé ðàáîòå èçó÷àåòñÿ îöåíêà âåëè÷èíû

∆N(A) = |FN(A)− µ0,dTd∗(A)| ,
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ãäå d =
∞∑

k=1
dk, FN(A) = P

(
N−1/2

N∑
i=1

Xi ∈ A

)
, à A−íåêîòîðîå ìíîæåñòâî

èç áîðåëåâñêîé σ-àëãåáðû =(B).
Â ðàáîòå [5] Â.È.Ïàóëàóñêàñîì ðàññìàòðèâàëèñü ìíîæåñòâà A ñ

ãëàäêîé ãðàíèöåé. Ïóñòü A ∈ =(B) óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:
(À1) ìíîæåñòâî A ñâÿçíîå, 0 ∈ A è êàæäûé ëó÷ tx, t > 0, ‖x‖ = 1

ïåðåñåêàåò ãðàíèöó ∂A ìíîæåñòâî A â îäíîé òî÷êå;

(À2) ôóíêöèîíàë dA(x) = sup
{

t > 0; t x
‖x‖ ∈ A

}
ÿâëÿåòñÿ òðèæäû

äèôôåðåíöèðóåìûì äëÿ âñåõ x 6= 0 è∥∥∥D(i)dA(x)
∥∥∥ ≤ Mi‖x‖−i, i = 1, 2, 3,

inf
‖x‖=1

dA(x) = m1 > 0, (4)

sup
‖x‖=1

dA(x) = m2 < ∞; (5)

(À3) äëÿ ëþáîãî ðàñïðåäåëåíèÿ F ñ íóëåâûì ñðåäíèì, ñèëüíûì
âòîðûì ìîìåíòîì è êîâàðèàöèîííûì îïåðàòîðîì T∫

B

D(2)dA(x)(y)2(F − µ0,T )(dy) = 0,∀x ∈ B, x 6= 0.

Áóäåì ãîâîðèòü, ÷òî ìíîæåñòâà A è ãàóññîâñêàÿ ìåðà µ0,T

óäîâëåòâîðÿåò óñëîâèþ (À4), åñëè ñóùåñòâóåò êîíñòàíòà C(B, T, A) è ÷èñëà
β ≥ 0 è γ > 0 òàêèå, ÷òî äëÿ âñåõ ε > 0

µ0,T ((∂ (A(r, a)))ε) ≤ C(B, T, A)
(
1 + ‖a‖β

)
ε, (6)

ãäå A(r, a) = Ar +a, (∂A)ε = δ(A, ε)∪ δ(A,−ε), δ(A, ε) = Aε\A, δ(A,−ε) =
A\A−ε, Aε = {x ∈ B; ‖x− y‖ < ε, y ∈ A}, A−ε = ((Ac)ε)

c, Ac = B\A è
C(B, T,A) èìååò ñâîéñòâî

C(B, αT,A) ≤ α−γC(B, T, A) (7)

äëÿ âñåõ 0 < α ≤ 1.
Èçâåñòíî (ñì. [1]), ÷òî øàðû (ò.å. A = V1 = {x ∈ H; ‖x‖ < 1}) â

ñåïàðàáåëüíîì ãèëüáåðòîâîì ïðîñòðàíñòâå H óäîâëåòâîðÿåò óñëîâèÿì (À1)
� (À4), à â ñëó÷àå B = lp, 1 ≤ p < ∞ îöåíêè òèïà (6) áûëè ïîëó÷åíû
â ðàáîòàõ [1], [6], [7]. Â ðàáîòå [3] ïîëó÷åíû îáîáùåíèÿ è óòî÷íåíèÿ
ýòèõ ðåçóëüòàòîâ, â ÷àñòíîñòè, â ýòîé ðàáîòå ïîêàçàíî, ÷òî äëÿ øàðîâ â
ïðîñòðàíñòâå lp, 1 ≤ p < ∞ ïîêàçàòåëü β â (6) ðàâåí p − 1 è, ÷òî ýòîò
ïîêàçàòåëü íåóëó÷øàåì.
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Äëÿ ìíîæåñòâà A îïðåäåëèì R(A) = inf
x∈∂A

‖x‖ è R(r, a) = R(A(r, a)).

Áóäåì ãîâîðèòü, ÷òî ìíîæåñòâà A è ãàóññîâñêàÿ ìåðà µ0,T

óäîâëåòâîðÿåò óñëîâèþ (À5), åñëè ñóùåñòâóåò êîíñòàíòà C1(B, T, A) è
÷èñëà β1 ≥ 0 è γ1 > 0 òàêèå, ÷òî äëÿ âñåõ ε > 0(

1 + R3(r, a)
)
µ0,T (∂ (A(r, a)))ε

(
1 + ‖a‖β1

)
C1(B, T, A)ε (8)

è êîíñòàíòà C1(B, T,A) îáëàäàåò ñâîéñòâîì (7).
Â ðàáîòå [8] áûëà äîêàçàíà ñëåäóþùàÿ òåîðåìà, îáîáùàþùàÿ òåîðåìó

èç [7], ãäå ðàññìàòðèâàëñÿ ñëó÷àé A = V1.

Òåîðåìà 1 (ñì. [3]). Ïóñòü B ∈ D3, ξi, i = 1, 2, ...− íåçàâèñèìûå
îäèíàêîâî ðàñïðåäåëåííûå (í.î.ð.) B− ç.ñ.â. ñ ðàñïðåäåëåíèåì F, Eξi =
0, E‖ξi‖3 < ∞ è êîâàðèàöèîííûì îïåðàòîðîì T . Ïóñòü A òàêîâî, ÷òî
âûïîëíåíû óñëîâèÿ (À1) - (À4) ñ β ≤ 3. Òîãäà

sup
r≥0

|(QN − µ0,T ) (A(r, a))| ≤ C(B, T, A, γ)
(
1 + ‖a‖β

)
N−1/6ν

1
3 (1−δN )
3 , (9)

ãäå QN(A) = P

(
N−1/2

N∑
i=1

ξi ∈ A

)
, δN =

{
4−N , N = 1, 2, 3, 4;
4−2−k, 2k ≤ N < 2k+1, k ≥ 2.

Â ðàáîòå [9] òåîðåìà 2 èç [7] áûëà îáîáùåíà â äðóãîì íàïðàâëåíèè �
äëÿ ðàçíî ðàñïðåäåëåííûõ ñëàãàåìûõ è øàðà V1â êà÷åñòâå A. Â ýòîé ðàáîòå
áûëî ñíÿòî îãðàíè÷åíèå, íà β, ÷òî âàæíî ñ âûøåóïîìÿíóòîì ôàêòîì, ÷òî
â ïðîñòðàíñòâå lp, 1 ≤ p < ∞ β = p− 1.

Â ðàáîòå [3] (òåîðåìà3) ïîëó÷åíà íåðàâíîìåðíàÿ îöåíêà â ñëó÷àå ðàçíî
ðàñïðåäåëåííûõ ñëàãàåìûõ, îáîáùàþùàÿ ñîîòâåòñòâóþùèå ðåçóëüòàòû
ðàáîò [10] è [11]. Ñôîðìóëèðóåì ñëåäñòâèå 1 èç ýòîé ðàáîòû îáîáùàþùåå
îöåíêó (9).

Ñëåäñòâèå 1. Ïóñòü B ∈ D3, ξi, i = 1, 2, ...− íåçàâèñèìûå îäèíàêîâî
ðàñïðåäåëåííûå B-ç.ñ.â. ñ ðàñïðåäåëåíèåì F, Eξi = 0, E‖ξi‖3 < ∞ è
êîâàðèàöèîííûì îïåðàòîðîì T . Åñëè âûïîëíåíû óñëîâèÿ (À1) - (À3) è
(À5) äëÿ µ0,T , òî

|(QN − µ0,T ) (A(r, a))| ≤ C(B, β1)
(
1 + ‖a‖β1

)(
1 + ν3/

√
N
)
×

×
(
1 + R3(r, a)

)−1
max

{
ν3

(1− 1

4N )/3

N 1/6 ;
ν3√
N

}
,

ãäå ïñåâäîìîìåíò ν3 îïðåäåëÿåòñÿ ôîðìóëîé ν3 =
∫
B

‖x‖3|F − µ0,N |(dx).

Òåïåðü ñôîðìóëèðóåì íàø îñíîâíîé ðåçóëüòàò:
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Òåîðåìà 2. Ïóñòü B ∈ D3, ξi, i = 1, 2, ...− íåçàâèñèìûå îäèíàêîâî
ðàñïðåäåëåííûå B-ç.ñ.â. ñ ðàñïðåäåëåíèåì F, Eξi = 0, E‖ξi‖3 < ∞ è
êîâàðèàöèîííûì îïåðàòîðîì T . Åñëè âûïîëíåíû óñëîâèÿ (À1) - (À3) è
(À5) äëÿ µ0,dTd∗è

g =
∑
k∈Z

|k| ‖dk‖+ ‖d0‖ < ∞, d 6= 0

òî
∆N(r, A) = |FN(A)− µ0,dTd∗(A)| ≤ C(B, d, T, β, A)×

×max


(
1 + ‖a‖β1

)3/4
g3/4E‖ξ1‖3/4

(1 + R3(r, a))3/4m
3/4
1 m

1/4
2 N 3/8

;

(
1 + ‖a‖β1

)
E‖ξ1‖3

(1 + R3(r, a))N 1/6

 .

2. Íåêîòîðûå âñïîìîãàòåëüíûå ëåììû

Â ýòîì ðàçäåëå ïðèâîäÿòñÿ ëåììû, íåîáõîäèìûå äëÿ äîêàçàòåëüñòâà
îñíîâíîé òåîðåìû.

Ëåììà 1. Ñïðàâåäëèâû ðàâåíñòâà:

Xn = dξn +
∞∑

j=1

γjξn−j −
∞∑

j=1

γjξn−j+1 +
∞∑

j=1

(ej − ej−1) ξn+j, (10)

SN = X1 + X2 + ... + XN =
∞∑

k=−∞

bkNξk, (11)

SN√
N

=

d
N∑

j=1
ξj

√
N

+
e0 (ξN+1 − ξ1)√

N
+

η1 − ηN+1√
N

+
ζN+1 − ζ1√

N
, (12)

ãäå γj =
∞∑

k=j

dk, e0 =
∞∑

k=1
d−k, ej =

∞∑
k=j+1

d−k, j = 1, 2, 3, ..., bkN =
N∑

i=1
ai−k,

ηn =
∞∑

j=1
γjξn−j, ζn =

∞∑
j=1

ejξn+j.

Ëåììà 1 äîêàçûâàåòñÿ ñðàâíåíèåì êîýôôèöèåíòîâ ïðè ξk.
Ëåììà 2. Ïóñòü X è Y− B−ç.ñ.â. è äëÿ A ∈=(B) âûïîëíåíû

óñëîâèÿ (À2) � (À5). Òîãäà äëÿ ëþáîãî ε > 0

|P (X + Y ∈ A(r, a))− µ0,T (A(r, a))| ≤

≤ |P (X ∈ A(r + ε, a))− µ0,T (A(r + ε, a)|+

5



+ |P (X ∈ A(r − ε, a)− µ0,T (A(r − ε, a))|+

+P (‖Y ‖ ≥ εm1) + 2m2C1(B, T, A)
(
1 + ‖a‖β

) (
1 + R3(a, r)

)−1
ε.

Äîêàçàòåëüñòâî. Ñîãëàñíî (4) è îïðåäåëåíèÿ dA(x)

inf
x∈∂A

‖xr − x(r ± ε)‖ = ε inf
‖x‖=1

dA(x) ≥ εm1.

Îòñþäà ñëåäóþò ñëåäóþùèå âêëþ÷åíèÿ ñîáûòèé:

{X + Y ∈ A(r, a)} ⊂ {X ∈ A(r + ε, a)} ∪ {‖Y ‖ ≥ εm1} ,

{X + Y ∈ A(r, a)} ⊃ {X ∈ A(r − ε, a)} \ {‖Y ‖ ≥ εm1} .

Ïîýòîìó

P (X ∈ A(r − ε, a))− P (‖Y ‖ ≥ εm1) ≤ P (X + Y ∈ A(r, a)) ≤

≤ P (X ∈ A(r + ε, a)) + P (‖Y ‖ ≥ εm1) . (13)

Åñëè ∆ = P (X + Y ∈ A(r, a))− µ0,T (A(r, a)) ≥ 0, òî

|∆| ≤ |P (X ∈ A(r + ε, a))− µ0,T (A(r + ε, a))|+ P (‖Y ‖ ≥ εm1) +

+ |µ0,T (A(r + ε, a))− µ0,T (A(r, a))| .
Àíàëîãè÷íî, åñëè ∆ < 0, òî âû÷èòàÿ èç ëåâîé ÷àñòè íåðàâåíñòâà (13)
µ0,T (A(r, a)), ïîëó÷èì, ÷òî

|∆| ≤ |P (X ∈ A(r − ε, a))− µ0,T (A(r − ε, a))|+ P (‖Y ‖ ≥ εm1) +

+ |µ0,T (A(r − ε, a))− µ0,T (A(r.a))| .
Èç ïîëó÷åííûõ íåðàâåíñòâ, ñëåäóåò, ÷òî

|∆| ≤ max {|P (X ∈ A(r + ε, a))− µ0,T (A(r + ε, a))| ,

|P (X ∈ A(r − ε))− µ0,T (A(r − ε, a))| }+ P (‖Y ‖ ≥ εm1) +

+ max {|µ0,T (A(r + ε, a))− µ0,T (A(r, a))| ,
|µ0,T (A(r − ε, a))− µ0,T (A(r, a))|} . (14)

Ñîãëàñíî (5)

sup
x∈∂A

‖xr − x(r ± ε)‖ = sup
‖x‖=1

∣∣dAr(x)− dA(r±ε)(x)
∣∣ = m2ε

è, ñëåäîâàòåëüíî

A(r, a)\A(r − ε, a) ⊂ (∂ (A(r, a)))2m2ε,
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A(r + ε, a)\A(r, a) ⊂ (∂ (A(r, a)))2m2ε.

Îòñþäà, â ñèëó óñëîâèÿ (8),

|µ0,T (A(r ± ε))− µ0,T (A(r, ε))| ≤ µ0,T

(
(∂ (A(r, a)))2εm2

)
≤

≤ 2
(
1 + R3(r, a)

)−1
(
1 + ‖a‖β1

)
C1(B, T, A)m2ε.

Íàêîíåö, âîñïîëüçîâàâøèñü íåðàâåíñòâîì (14), çàâåðøèì äîêàçàòåëüñòâî
ëåììû.

Ïóñòü ξk, k ∈ Z− ïîñëåäîâàòåëüíîñòü B - ç.ñ.â., {bkN , k ∈ Z} � ïîñëå-
äîâàòåëüíîñòü îïåðàòîðîâ èç L(B), N ≥ 1. Ïîëîæèì

ζN =
∑
k∈Z

bkNξk. (15)

Ëåììà 3. Ïóñòü B ÿâëÿåòñÿ ïðîñòðàíñòâîì òèïà 2, Eξk = 0, ρkt =
E‖ξk‖t < ∞ äëÿ k ∈ Z è ðÿä (15) ñõîäèòñÿ ñ âåðîÿòíîñòüþ 1. Òîãäà

E‖ζN‖t ≤ C(B, t)

∑
k∈Z

‖bkN‖tρkt +

(∑
k∈Z

‖bkN‖2ρk2

)t/2
 ,

ãäå C(B, t)−ïîëîæèòåëüíàÿ ïîñòîÿííàÿ, çàâèñÿùàÿ òîëüêî îò B, t ≥ 2.
Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî ýòîé ëåììû îïèðàåòñÿ íà

ñëåäóþùåå íåðàâåíñòâî Ðîçåíòàëÿ äëÿ íåçàâèñèìûõ B-ç.ñ.â., äîêàçàííîå
È.Ô.Ïèíåëèñ (ñì. [17]):

Ïóñòü ïðîñòðàíñòâî B èìååò òèï 2 è η1, η2, ..., ηn � íåçàâèñèìûå B-
ç.ñ.â.Eηi = 0, E‖ηi‖t < ∞. Òîãäà ñóùåñòâóåò òàêîå ïîëîæèòåëüíîå ÷èñëî
C(B, t), çàâèñÿùåå òîëüêî îò B, è t ≥ 1, ÷òî

E

∥∥∥∥∥
n∑

i=1

ηi

∥∥∥∥∥
t

≤ C(B, t) max

{
n∑

i=1

E‖ηi‖t,

(
E

∥∥∥∥∥
n∑

i=1

ηi

∥∥∥∥∥
)t}

. (16)

Çàìåòèì, ÷òî åñëè ïðîñòðàíñòâî B ÿâëÿåòñÿ ïðîñòðàíñòâîì òèïà 2 è Eηi =
0 äëÿ i = 1, 2, ..., n, òî(

E

∥∥∥∥∥
n∑

i=1

ηi

∥∥∥∥∥
)t

≤

E

∥∥∥∥∥
n∑

i=1

ηi

∥∥∥∥∥
2
t/2

≤

(
C(B)

n∑
i=1

E‖ηi‖2

)t/2

.

Òàêèì îáðàçîì, â ýòîì ñëó÷àå èç (16) ñëåäóåò íåðàâåíñòâî

E

∥∥∥∥∥
n∑

i=1

ηi

∥∥∥∥∥
t

≤ C(B, t) max


n∑

i=1

E‖ηi‖t,

(
n∑

i=1

E‖ηi‖2

)t/2
 . (17)
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Ïóñòü m ≥ 1 � ïðîèçâîëüíîå öåëîå ÷èñëî è ζNm =
∑
|k|≤m

bkNηk.

Òîãäà, ñîãëàñíî (17),

E‖ζNm‖t ≤ C(B, t)

∑
|k|≤m

‖bkN‖tρkt +

∑
|k|≤m

‖bkN‖2ρk2

t/2
 .

Òàê êàê ïîñëåäîâàòåëüíîñòü B - ç.ñ.â. ζNm ñ âåðîÿòíîñòüþ 1 ñõîäèòñÿ
ê B - ç.ñ.â. ζN , ïðè m →∞, òî â ñèëó ïîñëåäíåãî íåðàâåíñòâà, ìû ïîëó÷èì
óòâåðæäåíèå ëåììû 3.

3. Äîêàçàòåëüñòâî òåîðåìû 2

Ïîëîæèì X = 1√
N

N∑
j=1

dξj è Y = e0(ξN+1−ξ1)√
N

+ η1−ηN+1√
N

+ ζN+1−ζ1√
N

. Òîãäà,

ñîãëàñíî ðàâåíñòâà (12), èìååì

SN√
N

= X + Y.

Îòñþäà, ïðèìåíÿÿ ëåììó 2, íàõîäèì, ÷òî äëÿ ëþáîãî ε > 0

∆N(r, A) =

∣∣∣∣∣P
(

1√
N

N∑
j=1

dξj ∈ A(r + ε, a)

)
− µ0,dTd∗ (A(r + ε, a))

∣∣∣∣∣+
+

∣∣∣∣∣P
(

1√
N

N∑
j=1

dξj ∈ A(r − ε, a)

)
− µ0,dTd∗ (A(r − ε, a))

∣∣∣∣∣+
+P (‖Y ‖ ≥ εm1) + 2m2C1(B, dTd∗, A)

(
1 + ‖a‖β

)
×

×
(
1 + R3(a, r)

)−1
ε = J1 + j2 + J3, (18)

ãäå

J1 =

∣∣∣∣∣P
(

1√
N

N∑
j=1

dξj ∈ A(r ± ε, a)

)
− µ0,dTd∗ (A(r ± ε, a))

∣∣∣∣∣ ,
J2 = P (‖Y ‖ ≥ εm1) ,

J3 = 2m2C1(B, dTd∗, A)
(
1 + ‖a‖β

) (
1 + R3(a, r)

)−1
ε.

Î÷åâèäíî, ÷òî {dξj, j = 1, 2, ..., } � íåçàâèñèìûå îäèíàêîâî
ðàñïðåäåëåííûå B−ç.ñ.â. ñ êîâàðèàöèîííûìè îïåðàòîðàìè dTd∗. Ïîýòîìó,
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â ñëåäñòâèå1, îöåíèâàÿ ïñåâäîìîìåíòû ν3 ÷åðåç îáû÷íûå ìîìåíòû E‖dξ1‖3,
ìû ïîëó÷èì ñëåäóþùóþ îöåíêó äëÿ J1:

J1 ≤ C(B, β1)
(
1 + ‖a‖β1

) (
1 + R3(r ± ε, a)

)−1 1

N 1/6 .

Îöåíèì òåïåðü âåëè÷èíó R(r ± ε, a) = R(A(r ± ε) + a) = inf
x∈∂(A(r±ε)+a)

‖x‖.

Ïóñòü z ∈ A ∪ ∂(A) òàêîé ýëåìåíò, ÷òî x = zr + a ∈ ∂(A(r, a)), òîãäà
y = x± εz ∈ ∂(A(r ± ε, a)). Îòñþäà ñëåäóåò ðàâåíñòâî

y = x± εz, z ∈ A ∪ ∂(A). (19)

Êðîìå òîãî èç îïðåäåëåíèÿ dA(x) è èç íåðàâåíñòâà (5) ñëåäóåò, ÷òî

‖z‖ ≤ m2.

Òåïåðü èç (19) ïîëó÷èì íåðàâåíñòâî:

R(r ± ε, a) ≥ R(r, a)− εm2 = R(r, a)

(
1− m2ε

R(r, a)

)
Îòñþäà, åñëè

ε ≤ R(r, a)

2m2
, (20)

òî

R(r ± ε, a) ≥ R(r, a)

2
.

Òàêèì îáðàçîì

J1 ≤ C(B, β1)
(
1 + ‖a‖β1

) (
1 + R3(r, a)

)−1E‖ξ1‖3

N 1/6 .

Òåïåðü îöåíèì
J2 = P (‖Y ‖ ≥ εm1 =

= P
(
‖e0(ξN+1 − ξ1) + η1 − ηN+1 + ζN+1 − ζ1‖ ≥ εm1

√
N
)

.

Èñïîëüçóÿ íåðàâåíñòâà Ìàðêîâà è ‖x + y + z‖3 ≤ 27
(
‖x‖3 + ‖y‖3 + ‖z‖3

)
,

ãäå x, y, z ∈ B, èìååì

J2 ≤
27

ε3m3
1N

3/2

(
E‖e0(ξN+1 − ξ1)‖3 + E‖η1 − ηN+1‖3 + E‖ζN+1 − ζ1‖3

)
≤

≤ C(B)
ε3m3

1N
3/2

‖e0‖3E‖ξ1‖3 + E

∥∥∥∥∥ ∞∑
j=1

γjξ1−j

∥∥∥∥∥
3

+ E

∥∥∥∥ ∞∑
J=1

γjξN+1−j

∥∥∥∥3

+

+E

∥∥∥∥∥ ∞∑
j=1

ejξN+1+j

∥∥∥∥∥
3

+ E

∥∥∥∥∥ ∞∑
j=1

ejξj+1

∥∥∥∥∥
)

,
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ãäå

ej

∞∑
k=j+1

d−k, γj =
∞∑

k=j

dk.

Èç ëåììû 3 (ïðè t = 3), ëåãêî ïîëó÷èòü ñëåäóþùèå íåðàâåíñòâà:

E

∥∥∥∥∥
∞∑

j=1

γjξ1−j

∥∥∥∥∥
3

≤ C(B)


∞∑

j=1

‖γj‖3 +

( ∞∑
j=1

‖γj‖2

)3/2
E‖ξ1‖3 ≤

≤ C(B)

( ∞∑
k=1

k‖dk‖

)3

E‖ξ1‖3 ≤ C(B)g3E‖ξ1‖3,

E

∥∥∥∥∥
∞∑

j=1

ejξN+1+j

∥∥∥∥∥
3

≤ C(B)

( ∞∑
k=2

(k − 1) ‖d−k‖

)3

E‖ξ1‖3 ≤ C(B)g3E‖ξ1‖3,

E

∥∥∥∥∥
∞∑

j=1

γjξN+1−j

∥∥∥∥∥
3

≤ C(B)

( ∞∑
k=1

k ‖dk‖

)3

E‖ξ1‖3 ≤ C(B)g3E‖ξ1‖3,

E

∥∥∥∥∥
∞∑

j=1

ejξj+1

∥∥∥∥∥
3

≤ C(B)

( ∞∑
k=2

(k − 1) ‖d−k‖

)3

E‖ξ1‖3 ≤ C(B)g3E‖ξ1‖3.

Èç ïîëó÷åííûõ íåðàâåíñòâ, íàõîäèì ñëåäóþùóþ îöåíêó äëÿ J2:

J2 ≤ C(B)
g3E‖ξ1‖3

m3
1ε

3N 3/2
3 .

Òåïåðü, ñîáèðàÿ îöåíêè äëÿ J2 è J2, ìû èç (18) èìååì

∆N(r, A) ≤ C(B, β1)
(
1 + ‖a‖β1

) (
1 + R3(r, a)

)−1
E‖ξ1‖3 1

N 1/6+

+C(B)
g3E‖ξ1‖3

m3
1ε

3N 3/2
3 + C(B, dTd∗, A)

(
1 + ‖a‖β1

) (
1 + R3(r, a)

)−1
m2ε.

Îòñþäà, âûáèðàÿ ε =
g3/4(E ‖ξ1‖)3/4(1 + R3(a, r)

)1/4

m
3/4
1 m

1/4
2

(
1 + ‖a‖β1

)1/4
N 3/8

, ïîëó÷èì

∆N(r, A) = |FN(A)− µ0,dTd∗(A)| ≤ C(B, d, T, β, A)×

×max


(
1 + ‖a‖β1

)3/4
g3/4E‖ξ1‖3/4

(1 + R3(r, a))3/4m
3/4
1 m

1/4
2 N 3/8

;

(
1 + ‖a‖β1

)
E‖ξ1‖3

(1 + R3(r, a))N 1/6

 ,

ïðè ýòîì, ìîæíî ñ÷èòàòü, ÷òî âûïîëíåíî óñëîâèå (20), òàê êàê â ïðîòèâíîì
ñëó÷àå óòâåðæäåíèå òåîðåìû ñòàíîâèòñÿ òðèâèàëüíûì.

10



Áèáëèîãðàôè÷åñêèé ñïèñîê

1. Ïàóëàóñêàñ Â.È. Î ñáëèæåíèè ðàñïðåäåëåíèé äâóõ ñóìì íåçàâèñèìûõ ñëó÷àéíûõ
âåëè÷èí ñî çíà÷åíèÿìè â ãèëüáåðòîâîì ïðîñòðàíñòâå// Liet. matem. rink. � 1975.
� Ò.15. � �3. � C.177-200.

2. Çóïàðîâ Ò.Ì. Îöåíêè îñòàòî÷íîãî ÷ëåíà â öåíòðàëüíîé ïðåäåëüíîé òåîðåìå äëÿ
ëèíåéíûõ ïðîöåññîâ èç Rk// Èçâ.ÀÍ ÓçÑÑÐ, ñåð. ôèç. - ìàò íàóê. � 1984. � �4.

3. Áÿðíîòàñ Â., Ïàóëàóñêàñ Â.È. Íåðàâíîìåðíûå îöåíêè â öåíòðàëüíîé ïðåäåëüíîé
òåîðåìå â íåêîòîðûõ áàíàõîâûõ ïðîñòðàíñòâàõ// Liet. matem. rink. � 1979. � T.19.
� �2. � C.23-43.

4. Hofmann-Jorgenson J., Pisier G. The law of large numbers and the central limit
theorem in Banach spaces// The Annals of Probab. � 1976. � Vol.4. � �4. �P.587-599.

5. Ïàóëàóñêàñ Â.È. Î ñêîðîñòè ñõîäèìîñòè íåêîòîðûõ ôóíêöèîíàëîâ îò ñóìì
íåçàâèñèìûõ ñëó÷àéíûõ âåëè÷èí â áàíàõîâîì ïðîñòðàíñòâå// Liet. matem. rink. �
1976. � T.16. � �3. � C.103-121.

6. Kuelbs J., Kurts T. Berry-Essen estimates in Hilbert space and an application to the
law of the iterated logarifm// The Annals of Probab. � 1974. � Vol.2. � �3. � P.387-
407.

7. Ïàóëàóñêàñ Â.È. Î ñêîðîñòè ñõîäèìîñòè â öåíòðàëüíîé ïðåäåëüíîé òåîðåìå â
íåêîòîðûõ áàíàõîâûõ ïðîñòðàíñòâàõ// Òåîð.âåðîÿò. è å¸ ïðèìåí. � 1976. � T.19. �
�4. � C.775-791.

8. Ïàóëàóñêàñ Â.È. Ïðåäåëüíûå òåîðåìû äëÿ ñóìì íåçàâèñèìûõ ñëó÷àéíûõ âåëè÷èí
â áàíàõîâûõ ïðîñòðàíñòâàõ// Äîêòîðñêàÿ äèññåðòàöèÿ. Âèëüíþñ. � 1978.

9. Áÿðíîòàñ Â. Î áëèçîñòè ðàñïðåäåëåíèé äâóõ ñóìì íåçàâèñèìûõ ñëó÷àéíûõ
âåëè÷èí ñî çíà÷åíèÿìè â íåêîòîðûõ ïðîñòðàíñòâàõ Áàíàõà// Liet. matem. rink.
� 1978. � T.18. � �4. � C.5-12.

10. Ïàóëàóñêàñ Â.È. Íåðàâíîìåðíàÿ îöåíêà â öåíòðàëüíîé ïðåäåëüíîé òåîðåìå â
ãèëüáåðòîâîì ïðîñòðàíñòâå// Liet. matem. rink. � 1975. � T.15. � �4. � C.177-200.

11. Paulauskas V.I. Non-uniform estimate in the central limit theorem in the separable
Hilbert space// Proc. of the Third Japan - USSR symp. on Probab., Lecture Notes in
Mathem. � 1976. � Vol. 550.

12. Denis'evskii N.A. The central limit theorem for a linear process in Banach space//
Theor. Probab. and Math. Statist. � 1990. � �40. � P.19-25.

13. Çóïàðîâ Ò.Ì., Çóïàðîâ Ø.Ò. Î ñêîðîñòè ñõîäèìîñòè â öåíòðàëüíîé ïðåäåëüíîé
òåîðåìå äëÿ ëèíåéíûõ ïðîöåññîâ, ïîðîæäåííûõ ñëàáî çàâèñèìûìè ñëó÷àéíûìè
âåëè÷èíàìè// ìåæâóç. ñá. íàó÷í. òð. Ñòàòèñòè÷åñêèå ìåòîäû îöåíèâàíèÿ è
ïðîâåðêè ãèïîòåç. � Ïåðìü: Èçä-âî Ïåðìñêîãî ãîñ. óíèâåðñèòåòà, � 2011. � Âûï.
23. � C.200-215.

14. Çóïàðîâ Ò.Ì., Çóïàðîâ Ø.Ò. Öåíòðàëüíàÿ ïðåäåëüíàÿ òåîðåìà äëÿ ëèíåéíûõ
ïðîöåññîâ// Âåñòíèê Íàöèîíàëüíîãî Óíèâåðñèòåòà Óçáåêèñòàíà � 2010. � �3. �
C.79-86.

11



15. Çóïàðîâ Ò.Ì.,Çóïàðîâ Ø.Ò. Î ñêîðîñòè ñõîäèìîñòè â öåíòðàëüíîé ïðåäåëüíîé
òåîðåìå äëÿ ëèíåéíûõ ïðîöåññîâ â ãèëüáåðòîâîì ïðîñòðàíñòâå// Òðóäû
êîíôåðåíöèè "Ïðîáëåìû ñîâðåìåííîé ìàòåìàòèêè", ïîñâÿùåííîé 20 ëåòèþ
íåçàâèñèìîñòè Ðåñïóáëèêè Óçáåêèñòàí. Êàðøè. � 2011. � C.133-134.

16. Â.Ì.Êðóãëîâ.Äîïîëíèòåëüíûå ãëàâû òåîðèè âåðîÿòíîñòåé. - Ì.:Âûñø. øê. � 1984.
� 264 ñ.

17. È.Ô.Ïèíåëèñ. Âåðîÿòíîñòíûå íåðàâåíñòâà äëÿ ñóìì íåçàâèñèìûõ ñëó÷àéíûõ
âåëè÷èí ñî çíà÷åíèÿìè â áàíàõîâîì ïðîñòðàíñòâå // Ìàòåì. çàìåòêè. �1986. �
T.39. ��3. �C.438-443.

ON CONVERGENCE RATE IN CENTRAL LIMIT THEOREM
FOR LINEAR PROCESSES WITH VALUES IN BANACH

SPACE
T.M.Zuparov1,
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Abstract. In paper the nonuniform estimate of order O
(
N−1/6

)
of convergence rate in

central limit theorem for linear processes in separable real Banach space B with smoth norm
on sets satistying some conditions ensuring of smotheness of bound is obtained.

Key words: central limit theorem, Banach space, linear process, covariance operator,
Gaussian distribution, non-uniform estimate.
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